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In this paper, we prove the following results: 
THEOREM A. Let R be a commutative ring of Krull dimension d < 00 
and let I? = R [X, ,..., X,] be the polynomial ring over R in r variables. If M is 
a finitely generated projective I?-module which is locally generated by n 
elements, then M can be generated bJ1 n(d + 1) elements. 
THEOREM B. If in Theorem A, r = 1, then the same conclusion holds for 
any finitely generated i?-module (not necessarily) projective). 
These theorems may be thought of as the Eisenbud-Evans versions 13, 
Theorem 2, p. 871 of a result of Vasconcelos-Weigand [7, Proposition 2.3, 
p. 6] applied to polynomial rings. They are proved by refining and 
generalizing the technics of Heitmann in [4]. 
0. INTR~DLJCTI~N 
In this paper, all rings are assumed to be commutative with identity and 
all modules are unitary. Let M be a finitely generated R-module, T a subset 
of Spec R and N a subset of M; we say that N generates M over T if 
N . R, = M - R, for every PE T. We denote by ,u(T,M) the minimum 
number of elements that are needed to generate M over T, when T = Spec R, 
we write p(M) instead of ,u(Spec R, M); when T consists of a single prime 
ideal P, we write ,u(P, M) instead of p((P), M). We say that M is locally 
generated by n elements if p(P, M) < n for every P E Spec R. 
To generalize Heitmann’s Techniques it will be necessary to introduce the 
patch topology in the Spec of a ring. 
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DEFINITION 0.1. Let R be a ring. The patch topology of Spec R is the 
topology which has as a subbasis for closed sets the closed sets and the 
quasi-compact open sets of the Zariski topology of Spec R. A closed subset 
in the patch topology will be simply called a patch. 
Observe that a set V(I) n D(J), where 1, J are ideals of R with J finitely 
generated and V(l) = (P E Spec R; I c P) and D(J) = (P E Spec R; J & P), 
is a patch. If, further, I is finitely generated, then V(1) n D(J) is open and 
closed in the patch topology. 
The main results about the patch topology that we need are given by the 
following theorem; the proof can be found in [5]. 
THEOREM 0.1. Let R be a ring. The following hold: 
(1) Spec R with the patch topology is compact. 
(2) If the subset Y of Spec R is a patch and Q E closure(Y), where the 
closure is taken in the Zariski topologql, then there exists P E Y such that 
PG Q. 
1. GENERALIZATION OF HEITMANN'S TECHNIQUES 
In this paragraph R will always denote a ring of finite Krull dimension d, 
X = Spec R and J/ will denote a finite family of subsets of X, each element 
of M’ being open and closed in the patch topology of X. 
For T s X we will denote by T’ the complement of T in X, that is to say, 
T’=X-T. 
DEFINITION 1.1. Given T,, ,..,, T, E x2, we inductively define the subset 
V-o ,..., T,,) of X in the following manner: 
(1) E(T,) =X 
(2) W,,,..., T,,) = closure(E(T,, ,..., T,- ,) n T;-, f7 T,,), where the 
closure is taken in the Zariski topology of X. 
Remark 1.1. Notice that since every T E ~4 is open and closed in the 
patch topology and that E(T,,..., T,-,) is closed in the Zariski topology, we 
obtain that E(T, ,..., T,-,) mT,‘-, n T, is a patch. Thus, by Theorem 0.1, we 
can conclude that: 
P E E(T,,..., TJo3QEX Q c P, Q E E(T, ,..., T,, _ ,>, 
Q6CT,-,andQET,,. 
From this remark, we can obtain the following lemma. 
481/88/2-I7 
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LEMMA 1.1. Let TO ,..., T,, be elements of .d. We then have the following: 
(a) lf Q E W,,..., T,,), then there exists Q(l),..., Qtn’ E X satisfying: 
Q’” $ Q”’ $ a.. $ Q(“) c Q wherefor each i, we have Q”’ E E(T,,,..., Tip,), 
Q(i’ 6 TipI and Q”’ E Tt. 
(b) If there exists i such that Ti = Ti+ , then E(T,,..., T,,) = 4. 
(c) O-W,,..., T,,) # 0, then n < d + 1, where d is the dimension of R. 
Proof (a) follows by induction over n and (b) and (c) are immediate 
consequences of (a). 
DEFINITION 1.2. Given P, Q E X, we define the following relation: 
P -& Q o for every k and for every sequence TO, T, ,..., Tk of elements of 
d, we have P E E(T,, ,..., T,J o Q E E(T,, ,..., Tk). 
Remark 1.2. It is evident that this is an equivalence relation. Since 
dim R = d < co and ~8’ is a finite family we obtain that X/W~ is finite. 
DEFINITION 1.3. Given P E X, we define m(P, ,&) = k, where k is the 
highest positive integer such that there exist TO,..., Tk E ,oP with 
P E E( T,, ,..., T,). 
Remark 1.3. Notice that by Lemma 1.1, m(P, M’) < d + 1, for every 
P E X. If m(P, J) = k, P E E(T, ,..., T,) and P E UT,-4 T, then P E T,. 
LEMM 1.2. The function m(-, a’): X+ N is upper semicontinuous, 
where we consider X with the Zariski topology. 
Proof. Given k E N, we want to show that K = (P E X, m(P, ,c3) > k) is 
closed in the Zariski topology. We know that, by Remark 1.2, K = 
K,U “. U K,, where each Ki is a class of equivalence with respect to -& in 
K. Taking P E Ki, there exist T,, ,..., T, E .M with P E E(T,, ,..., Tk). Thus, we 
can conclude that Ki G E(T, ,..., T,J, and so Ki & E(T, ,..., T,). Therefore 
Ki s K and K is closed. 
DEFINITION 1.4. Given a finite family A’, whose elements are both open 
and closed in the patch topology of X = Spec R, we say that A!’ is Heitmann 
constructive if the following hold: 
(1) X= Urs.4 T. 
(2) Given S,TE&’ and P,QEX, with PcQ, if PES and QE T, 
then PETor QES’. 
PROPOSITION 1.1. Let ..z? be a Heitmann constructive family, k E N and 
B a closed subset of X with the Zariski topology. If m(P, _pP) < k for every 
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P E B, then the set C,(B) = {P E B, m(P, xf) = k) sarisfies: C,(B) = 
C, u . . . u C, , where each Ci is closed in X with the Zariski topology; the Ci 
are pairwise disjoint and for every i there exists Ti E J/ with Ci c Ti. 
ProoJ C,(B)= BnK, where K = {PE X, m(P,&) > k), thus, by 
Lemma 1.2, we obtain that C,(B) is closed. Consider the following 
equivalence over X: 
P, Q E X, P~QoJ$=.$, where -i”p = (TE -pP; PE T}. 
Notice that, as X = Urss/ T, Yp # 0 for every P, and ~4 being finite, X/N 
is also finite. 
Now C,(B)=C,u... U C,, where each Ci is an equivalence class of - 
over C,(B). Notice that if P, Q E Ci then Yp = 9c, thus Ci E T for every 
TE -4”p. 
Thus, we only need to show that each Ci is closed. Let us prove, without 
loss of generality, that C, is closed. Take P, E C,, then for every P E C, we 
have 5$ = 5$, = 9. Moreover, if P E C, then P satisfies: 
TEY>PET (*> 
HEd-ric*P@H. (**I 
But, on the other hand, if Q E C,(B) and Q satisfies (*) and (**), then 
Q E C,. As C, s C,(B) it is enough to show that every Q E C, satisfies (*) 
and (**) (c, is the closure of C, in the Zariski topology). 
Therefore, take Q E C, , T E 9 and H E &’ - Y. 
Let us prove first that Q E T. For this we will show that there exist 
;;.p I E & such that Q E E(T, ,..., T,-, , 7) and hence by Remark 1.3, 
We consider D, the equivalence class of -.i/ in C,, with Q E 0. Given 
P E D C_ C,, we have the existence of TO ,.,., T, E ,aP with P E E(T, ,..., T,). 
Thus D G E(T,,..., T,) and hence again by Remark 1.3, D G T,. 
Now for P E D there exists P, E E(T, ,..., T,- ,) such that P, G P, 
P,~TT,_,andP,ET,.ButsinceTE~wehaveDcC,~TgivingPET. 
Hence since ~4 is Heitmann constructive and P, G P, P, E T, 
and P E T, we have P E Ti or P, E T. But P E T,, hence P, E T 
and P E E(T, ,..., Tk-,, 7’); i.e., D E E(T, ,..., Tk-,, T). Thus Dg 
W,,..., Tk-,r 7) and Q E E(T, ,..., T,-, , 7) as desired. 
Now, let us prove that Q & H. Since T E 9 and HE ,d - .Y, we have 
C, c E(H, 7’). Hence Q E E(H, 7’), thus there exists Q, c Q with Q, 6? H and 
Q, E T. Suppose, now, that Q E H; so we have Q, s Q, Q, E T and Q E H, 
then Q E T’ or Q, E H, which is absurd, because Q E T and Q, @ H. SO, we 
have Q & H and Q E T, as desired. 
Now we are going to give examples of Heitmann constructive families. 
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EXAMPLE 1.1. Let R be a ring and I,,..., Z,, finitely generated ideals of R, 
such that R = ZO + . . . + I,. Take .ti = (D(Zi); i = 0 ,..., n). We can easily 
conclude that the family .d is Heitmann constructive. Moreover, if we call 
Ti = D(Z,), the sets E(T,, ,..., T,), which we defined, are nothing more than 
sets E(Z,,..., Z,) defined by Heitmann in [4]. 
EXAMPLE 1.2. Consider a finite family .d of subsets of Spec R that are 
both open and closed in the patch topology of Spec R, which are pairwise 
disjoint with the further property that Spec R = lJ,,, T. Then, the family ,pP 
is Heitmann constructive. 
THEOREM 1.1. Let M be aJnitely generated R-module, n E E,i and S’ a 
finite Heitmann constructive familv with 4 E Lr9, such that ,u(T, M) < n for 
every T E -w’. Zf k E b1 and B is a closed subset of Spec R in the Zariski 
topology, such that m(P, s’) < k for every P E B, then ,a(B, M) < k . n. 
Proof. We proceed by induction on k. Since $ E &’ and Spec R = 
u TEIPf T, we will have m(P, &) > 1 for every P. If k = 1, then m(P, d) = 1 
for every B. Thus, by Proposition 1.1, B = C, U .a. U C,, where the Ci are 
closed sets in the Zariski topology, pairwise disjoint with the further property 
that for every i, there exists T E r;4 with Ci c T. Therefore ,u(C~, M) < n for 
every i, hence, by Lemma 1.3 of [4, p. 1181, p(B, M) < n. 
Now suppose k > 1. Consider C,(B) = (PE B, m(P, .&) = k); just as 
above we can see that ,a(C,(B),M) < n. Then we can find a submodule 
N= m,R + -.. + m,R such that Np = M, for every P E C,(B). Consider 
K = supp(M/N)n B, then m(Q, .oy”) < k - 1 for every Q E K. Thus, by 
induction hypothesis, ,u(K, M) < (k - 1)n. Then p(B, M) < nk. 
2. FINITELY GENERATED MODULES PROJECTIVE OVER THE 
POLYNOMIAL RING R[X,,...,Xk] 
As always, R will denote a commutative ring with an identity element of 
finite Krull dimension d. We will denote by R= R[X, ,..., Xr] the ring of 
polynomials in r variables over R. 
DEFINITION 2.1. Given Y & Spec Z?, we will say that Y is well behaved 
with respect to contraction (notation: Y is w.b.c.) if Y satisfies the following: 
If Q,, Q2 E Spec R, with Q, n R = Q, f7 R, then 
Q, E Y if and only if Q2 E Y. (*I 
Remark 2.1. Y is w.b.c. if and only if Y’ is w.b.c. Moreover if Y ,,..., Yk 
are w.b.c., then Y= ni Yi is w.b.c. too. 
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LEMMA 2.1. Given I an ideal of R and a E R, then the subset 
Y = D(aR) n V(ZR) is w.b.c. 
Proof: Take Q,, Q, E Sw R, Q,nR=Qe,nR. We have: 
Q,E Y-a&Q, and ZsQ, oa$Q,nR and IcQ,nRoa&Q, and 
IGQ~oQ~E Y. 
LEMMA 2.2. Let 9 be a finite family of subsets of Spec R. If 9’ satisfies: 
(a) TE 9 3 T is w.b.c., 
(b) T E 9 S- T is open and closed in the patch topology of Spec H, 
(c) Spec R= lJ,,s T, 
then there exists a finite family d of subsets of Spec R, whose elements 
satisfy the conditions (a), (b) and (c) of 9, are pairwise disjoint and have 
the further property that for each H E s’, there exists T E 9 with HE T. 
Proof Given 9 = {T, ,..., T,), we are going to define Hi inductively in 
the following way: 
(1) H,=T,, 
(2) Hi+,=H;nee- nH;nTi+,, where l<i<n. 
It is very easy to show that the family & = {Hi, i= l,..., n) satisfies all 
the conditions of the lemma. 
DEFINITION 2.2. Given f E E, the content of f is the ideal of R, 
generated by the coefficients ofJ This ideal will be indicated by c(f). 
DEFINITION 2.3. Given an ideal J of R, the content of J is defined as the 
ideal c(J) of R generated by the contents off, with f E J. 
LEMMA 2.3. If J is an ideal of Z?, then we have the following: 
(1) Jc c(J)R. 
(2) Zf J is finitely generated, then so is c(J). 
LEMMA 2.4. Let M be a finitely generated projective R-module that is 
locally generated by n elements, P E Spec R and P= P . R= P[X, ,..., X,]. 
Then there exists s E R and a finitely generated ideal I of R, such that 
PE D(sR) n V(ZR) = Y, and p( Y,, M) < n. 
Proof: Taking S = R -P, we know that MJ&%fs is an 
WfR,) 1x1 ,.--v X,] projective module, thus by Quillen-Suslin theorem, 
MsfPM, is free and it can be generated by n elements b, ,..., b, E M. Suppose 
that M= m,R+ ... + m,R and consider N = b,R+ ... + b,R. Then for 
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every i = l,..., k, there exist si E S and A, . . . . . fi,, E p such that simi E 
N+fi,M+ ... + fi,JM. Taking s =si. we have s E S and sM G N + JM, 
where J = (Jij)i,j. Notice that J G P and, moreover, since J E c(J) . R, we 
have ~.MsN+(I.I?).M, where I=c(J) and IGP. Hence by 
Nakayama’s Lemma we have that 6, ,.... 6, generated M over 
D(sR)n v(I.R)= Yp, with s E R, Z finitely generated ideal of R and 
FE Yp. 
THEOREM A. If M is a finitely generated projective R [X, ,..., X,]-module 
that is locallv generated by n elements, the M can be generated by n(d + 1) 
elements, where d = dim R. 
Proof: Taking P E Spec R, then the subset YP, given by Lemma 2.4, 
satisfies: FE YP, YP is w.b.c. (Lemma 2.1), YP is open and closed in the 
patch topology. Thus, if Q E Spec I? with Q n R = P, then Q E YP. Thus, we 
can conclude that Spec R= UPESDecR Y,. 
Now, as Spec R is compact, with the patch topology, we can conclude that 
Spec R= U:=, YPi; let us call YPi = Yi. Then, we have the family .a = 
(Y , ,**a, Y,}, where each _Yi is w.b.c. and open and closed in the patch 
topology; moreover Spec R = U,, 9 Y. 
Thus, by Lemma 2.2, there exists a family .d’ = (T,,..., 7’,} with 
Spec R= IJ Ti, having all the Ti w.b.c., open and closed in the patch 
topology and Ti E Yi ; moreover the Ti are pairwise disjoint. As Ti E Yi, we 
have that ,u(Ti, M) < n. 
So we find a Heitmann constructive family J#’ = 14, T, ,...? Tk} where each 
Ti is w.b.c. and ,u(Ti, M) < n. 
Thus, by Theorem 1.1, we only need to show that m(Q, ~4) < d + 1 for 
every Q E Spec K. Suppose that there exists Q E Spec R with m(Q, ~8’) > 
d + 2. Then there will exist H, ,..., Hd+2 E &’ with Q E E(HO ,..., Hd+*). 
Thus, by Lemma 1.1, there will exist Q”’ $G .a. $ Qd’ *, such that 
Q”’ E E(H, ,..., Hi-,), Q”’ @ Hi-, and Q”’ E Hi, with i= l,..., d + 2. But 
then there will exist j, 1 ,< j Q d + 1, such that Q’” n R = Q(j+‘) n R, 
because dim R = d. Notice that Q(j) E Hi with Hj w.b.c., hence Q’j+ I) E Hi, 
which is contraction, because Q”+” 6C Hj. This proves the theorem. 
Observe that, since every invertible ideal of R[X,,..., X,] is a finitely 
generated projective module of rank 1, we obtain the following: 
COROLLARY 2.1. Every invertible ideal of R = R [X, ,..., Xr] is generated 
by d + 1 elements, where d = dim R. 
Remark 2.2. When r = 1, i.e., i? = R [Xl, using Theorem 3 of [ 6, p. 2341. 
we can prove Lemma 2.4 without the hypothesis that M is projective. And so 
we can have the following result. 
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THEOREM B. If M is a finitely generated R[X]-module that is locally 
generated by n elements, then A4 can be generated by n(d + 1) elements, 
where d = dim R. 
The referee very kindly points out that Lemma 2.4 and Theorem A are 
true even for finitely generated flat modules. 
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